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Abstract

The gravity-type fish cage is extensively applied in open-sea fishery aquaculture. Its practicality is closely related to
the reliability of the flotation ring which is its main load-bearing component. Therefore, it is necessary to study the
elastic responses of the flotation ring in ocean waves. Here, an analytical method is proposed to analyze the elastic
deformations of a circular ring subjected to water waves. The governing equations of six degree-of-freedom motions
and elastic deformations are obtained according to Euler’s laws and curved beam theory. In order to examine the
method, a series of physical model tests were carried out. The surge and heave displacements of the ring between
the predicted results and experimental measurements are compared, and good correlation is represented. The effects of
the propagation directions of the incident wave on elastic responses of the ring are then analyzed. It is concluded that
small deformations of the ring occur when the configuration of the mooring cables is symmetrically arranged along the
propagation direction of the incident waves. Additionally, the out-of-plane stiffness is suggested to be strengthened in
order to diminish the corresponding deformations.
© 2009 Elsevier Ltd. All rights reserved.
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1. Introduction

The near-shore fishery resources decrease exponentially, while the demands of the sea products continue to
dramatically increase. This imbalance in the demand—supply of marine resources has resulted in the fast development of
deep-sea fishery aquaculture over recent years. Vast open space and access to quality water are the main advantages of
deep-sea fishery aquaculture over its near-shore counterpart, thus enabling the former to be one of the most probable
modes of fishery. Among a variety of deep-sea fishery production tools, the gravity-type deep-sea fish cage distinguishes
itself from others for its high quality, high yield and high efficiency.

Generally speaking, the gravity-type net cage consists of three main components: a flotation ring, a cage net and
mooring cables. The flotation ring is the load-bearing component, providing the necessary strength of the entire cage in
water. The cage net is connected to the flotation ring, forming a closed space in water, inside which the fish are fed.
Through the mooring cables, the cage is loosely fixed in a particular spot in the deep sea.
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Deep sea is characteristically rough. Under the action of waves, a deep-water fish cage may experience large
deformations as well as rigid-body motions. Site observations have confirmed that a deep-water fish cage may deform to
such a large extent that permanent deformations occur, disabling the fish cage from further normal functionality
[Internet Webpage]. Therefore, studies of fish cages in waves have been a hot research topic over the recent years in the
field of ocean hydrodynamics. Fredriksson (2001) carried out dynamic analysis of a central spar fish cage in waves.
DeCew et al. (2005) examined motion and load responses of a modified gravity-type cage in order to improve the design
of the gravity-type fish cage and mooring system. Both numerical simulations and physical tests were employed in their
studies. Gui (2006) studied the hydrodynamic behavior of a gravity-type fish cage through physical model tests. Huang
et al. (2006) proposed a numerical model for analyzing the motions of a gravity-type fish cage composed of a flexible net
and a plastic flotation ring. Fredriksson et al. (2007) predicted the critical loading of net pen flotation structures using
finite-element modeling, and conducted the physical tests for the structural analysis. Furthermore, Det Norske Veritas
Riflex software has been used to model a fish farm.

Much of the aforementioned work is, however, based on the assumption that the load-bearing component floatation
ring of the fish cage is rigid, undergoing no deformations. Thus, in their models, only the rigid-body motions of the
flotation ring in waves are considered. This assumption is a first-order approximation, which may fail when the natural
frequencies of the floatation ring and the water waves are similar. From the viewpoint of structural dynamics, the elastic
response of the flotation ring in water waves is of vital importance. The aim of this paper is to study the elastic response
of the flotation ring. And the elastic response of the slender structure is a hot topic in ocean engineering. Li et al. (1997)
analyzed the in-line response of a horizontal flexibly mounted cylinder in regular and random waves. Galper and Miloh
(2000) studied the nonlinear coupled hydroelastic problem of a flexible slender structure embedded in a non-uniform
flow. Chaplin and Retzler (2001) carried out large-scale laboratory measurements of the hydrodynamic damping of
vertical oscillations of a circular cylinder beneath waves.

In this paper, the flotation ring is simplified into a circular ring. A theoretical model is proposed to study its elastic
deformation, in which, the cage net is neglected without loss of generality. Herein the in-plane and out-of-plane deformations
are analyzed together based on curved beam theory. Additionally, six-degree-of-freedom motions of the ring are coupled with
its elasticity. In Section 2, the equations governing the rigid-body motions are given according to Euler’s laws, and those
governing in-plane and out-of-plane deformations are obtained by curved beam theory. Generally speaking, the deformations
of a closed ring can be expressed as a weighted sum of various eigenmodes, and the mode superposition method is applied to
solve the governing equations. To calculate the wave forces acting on the ring, the Morison formula is used due to the small
ratio of the cross-sectional diameter to wavelength. When waves propagate along the x-axis, the correlation of numerical results
of surge and heave displacements with experimental data has been made in Section 4, and numerical examples are presented to
show the influence of elastic deformations, including effects of propagation directions of the incident wave.

2. Formulation of the problem

The configuration of a gravity-type fish cage is shown in Fig. 1, where the subtended angle is denoted by «. Points A,
B, C and D are attachment points, and Points A’, B’, C' and D’ are anchored points. The cage net is neglected without
loss of generality. The flotation ring is moored by four lines in order to place the ring in a loosely fixed spatial position.
Fig. 2 shows the global coordinate system x—y—z fixed in the initial position and body coordinate system 1-2-3 fixed
with the ring. The coordinates of one system can be transformed to the other by the use of Bryant angles (Wittenburg,
1977) 04, 0, and 05 (see Appendix 1). The transformation matrix from the coordinate system x—y—z to the coordinate
system 1-2-3 is given as follows:

qn 412 913 cos 0, cos 03 cos 0; sin 03 + sin 0 sin 0, cos 03 sin 0; sin 03 — cos 0y sin 0, cos 03
41 qn 4 | = | —cos 0, sin 03 cos 0 cos 03 —sin 0 sin 0, sin 03 sin 0; cos 03 + cos 0; sin 0, sin 03 |,
431 93 433 sin 6, —sin 6; cos 6, cos 0 cos 6,

1)

where ¢ with subscripts denotes the corresponding terms in the transformation matrix. It is noted that 0y, 0, and 05 are
not the rotation angles of roll, pitch and yaw of the ring. Here the angular velocities of 1-, 2-and 3-axis are denoted by
w1, ®, and w3, respectively. The relationship is as follows:

o0 03 — in 0; 00 .
1 @ 08 03—y sin 03 992 _ oy sin 0 + w5 cos 0

or cos 6, > ot

003 wi cos 03 — wy sin 03 .

95 _ ooy — 0 2
ot @3 cos 6, s @
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Fig. 1. The configuration of a fish cage.
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Fig. 2. The coordinate system of the ring.

In addition, the in-plane coordinate system n—w—v is established, in which the coordinate area n—w results from the
rotation of the coordinate area 1-2 around the 3-axis, and the direction of the v-axis is the same as that of the 3-axis. It
is noted that the u-axis considered is opposite to the direction of the n-axis in order to analyze the normal deformations.

The actual flotation system of a gravity-type fish cage consists of two floating rings, stanchions and handrails.
In general, the floating system is usually at the water surface. The two floating rings are the main parts bearing the
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Fig. 3. Cross-section of the ring.

wave-induced loads. For simplicity, only the two floating rings are considered in our numerical model, as shown in
Fig. 3. Since the space between the outer and inner rings is much smaller than the scale of the floating system and wave
length, we can simplify it to a model of a single ring. The area of the cross-section and the moment of inertia, however,
are computed based on two rings (see Fig. 3) to comply with the quantity of the actual flotation ring. The moments of
inertia are computed according to the parallel-axis theorem.

2.1. Governing equations for rigid-body motions

Suppose that the wave propagates along a direction of angle ¢ subtended with the x-axis. The ring undergoes six
degree-of-freedom motions. Three translational rigid-body motion displacements along the x-axis for surge, the y-axis
for sway and the z-axis for heave are denoted by x,, y, and z,, respectively. The translational displacements in the body
coordinate system are denoted by x;, y, and z;, along the 1-axis, 2-axis and 3-axis.

The equations governing the rigid-body motions of the ring are considered along the 1-, 2- and 3-axis, because the
principal moment of inertia of the ring is constant in the body coordinate system. Applying Euler’s laws, the following
equations can be obtained.

Translational motions

The translational equation along the 1-axis is

abe aZb ayb 2n 2n
p(2rR)A W—’—sz - Ews = A Si1Rda+ g3 A (pwVrg — pAg)Rdo + Fiy, (3)

where R denotes the radius of the ring, p the mass density of the material of the ring, p,, the density of water, 4 the
cross-sectional area of the ring and g the gravitational acceleration. On the right-hand side of Eq. (3), the second term is
induced by the buoyancy and gravity, and V,is the wetted volume per unit length of the ring given by

2 h>r

4 WV 2 — I + P aresin(lh|/r) 0<h<r

”7’2 — WV = —Parcsin(lh|/r) —r<h<0
0 h<-—r

V= @)

where r is the radius of the cross-section, and / the distance from the fluctuating wave surface height # to the cross-
sectional centroid of the ring,

h=n-—z. ®)
According to Euler’s laws, the equations along 2-axis and 3-axis can also be obtained

82yb oxp 0zp m 2
p2rR)A e + EGB - Ea’l = A SaRdo + g3 A (pwVrg — pAg)Rde+ Fpa, (6)
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b 6}/17 axb 2n 2n
p2rR)A (y +-—=w — —wz) = [ [f3Rdu+qs | (p,Vyg— pAg)Rdo+ Fi3. @)
t ot ot 0
Egs. (3), (6) and (7) are the governing equations to calculate the translational displacements, where f}, /> and f; are
the wave force on the ring per unit length along 1-, 2- and 3-axis, and Fj;, Fj; and Fj3 are mooring cable forces.
Rotational motions
Besides the translations of the circular ring, its rotations around three axes are subjected to water waves. Through
Euler’s laws, the equations governing the rotations around 1-, 2- and 3-axis can be given as follows:

o 2n ) 2n )
I, % + (I3 — I)wzwy = f3R sin aRdo + / g3 *(p,,Vrg — pAg)R sin aRdo+ My, 8)
0 0
awz 2n 2n
L7+ - o = f3R cos aRdo + 433(p Vg — pAg)R cos aRdou + Mp |, &)
0 0
aw3 2n 2n
Lo+ —Ihom = ; SwR* Rdo + A 40, Vg — pAg)R % Rdo + Fi R, (10)

where I}, I, and I; are three principal moments of inertia of the ring; M, and M), denote the moments induced by the
mooring cable forces around 1-axis and 2-axis, respectively; f,, are the wave forces per unit length of the ring along
the circumferential direction, and Fj, is a component of the mooring line force along the circumferential direction of
the ring.

2.2. Governing equations for in-plane elastic deformations

To analyze the deformation of the ring, an element of the ring is regarded as a curved beam. As shown in Fig. 4, the
in-plane elastic deformations include the circumferential deformation w and radial deformation u. The internal
forces on the cross-section include circumferential tensile force A, transverse shear force Q,, and bending moment
M, around the v-axis. In addition, ¢, denotes the slope of the deflection profile around the v-axis without con-
sidering the shear effect. Applying Newton’s Second Law, three equations governing the deformations are obtained, as
follows:

Qu Pu N ?w oM, ¢,
N+F,=pAR—, ——0,—F, =pAR—, RO, = pI,R="1,
TN F = p ARG 5 O PARG s 5y T RO =pLR75

(11)

where I, is the moment of inertia of the cross-section of the ring around the v-axis, E the modulus of elasticity and G the
shear modulus of elasticity; F, and F,, are the normal and circumferential forces

Fu = [fuR + (pwvfg - pAg)(COS oq 3 + sin aq23)]Rdoc + F/ua
F,, =[f R+ (p,VYrg — pAg)(—sin aq,3 + cos agy3)|Rdo + F,. (12)

In the integrand on the right-hand side of Eq. (12), £, and f,, are wave forces in the normal and circumferential
directions, respectively, and the second terms are induced by buoyancy and gravity. Fj, and F}, are the normal and
tangential components of mooring cable forces, respectively.

According to engineering mechanics, the bending moment and shear force are dependent on the deformations
through the following formulae

EI, 09, K AG
~ R a(i’ Qu="%" (a v _R‘pv) (13)

where k' is a correction coefficient, depending on the shape of the cross section.
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Fig. 4. In-plane deformation and internal forces for an element of the ring.

Substituting Eq. (13) into (11), the equation governing racial deformation u and circumferential deformation w can be
obtained as follows:

Bu d Pu v 7R B

005 ou* 003 0w EK Got*ouo

(R ) P (ki)
0

E + K'G) 012003 EI, E ) 6t20u
pR>  pR>\ &*w pR>  pARN &*w  p*R*&*w
kG E ) 0f20q2 E El, ) o2 EKG ot
pR* (&F, &°F, R (OF, R (&F, ©&°F,
= — | =4+ F, ) —— . 14
EK'AG (6t26a + or? * EI, \ Ou + K AG \ oa3 + 002 (14)
Based on the assumption of small deformations, we consider that the centerline is inextensible, i.e.
ow
~ —u 15
Eriak 15)

By virtue of Eq. (15), Eq. (14) is reduced to containing a single variable w in the form of

Ow n otw w n p*R* Cw pER* &*w
Oad Out 002 EK'Gort*on? EKG ot
(pR2 pR2> Ow < pR®>  pAR* pR2> otw (pR2 pAR4> Pw

E "KG)over \"E EI, KG)orewr \E ' EI, ) o

pR* (&F, ©&°F, R® (6F, R (&F, &F,
= — | =+F w | T 77 . 1
EK' AG (6126a+ or +E1r o FTAC (16)
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The dimensionless procedure of Eq. (16) can be performed through dividing each term of both sides of the equation
by R. The order of magnitude of E and G is 108, of pis 10°, of 4 is 1073, of Ris 10°, of w is 10° and of the moment of
inertia is 107°. Therefore, the order of magnitude of terms the denominators of which contain the product of £ and G is
less than 10™'°, while the order of magnitude of the others is more than 10™>. Therefore, Eq. (16) can be simplified into
the following form:

Ow otw  Pw

o ot T
_ (PR PR\ &
E kK G ) ot?out

<2pR2 pAR* pR2> otw (pR2 pAR4> &Pw

E El, kK G)orrox2 E EI, ) o
R® [OF, R [(&F, &F,
= Fp)—— . 17
EIU(6a+ > kAG(aoc3+6oc2> {an

The deformations can be expressed as a weighted sum of eigenmodes when the modal superposition method is
applied. Thus the circumferential deformation w and radial deformation u are

N
w =Y [r}(1) sin(ier) + 7{(2) cos(in)],
i=2

N
u=2" > Titj(2) cos(in) — if(2) sin(i)], (18)

oo 4=

where the subscript i denotes the ith mode. It should be noted that the mode number i begins with 2, because the st
mode represents the rigid-body displacement. When Eq. (18) is substituted into Eq. (17) and the orthogonality of the
trigonometric functions is utilized, the governing equations for each mode can be obtained as follows:

o

or?

I,E .
TpR> {(iZ — D, + PP+ I)EE + (@ + I)ARZ}

PIE  \[. [* . mo 3 a2

=R|——=+R||i Fy, cos(in)do + F, sin(io)do| — nELG" — i), (19)
kAG o 0 !

and

EI,
kG

2
ot .
or?

pR? {(iz — DL+ L3P+ D)+ ARY P + 1)]

EIU 2n . 2n
=—R(R*+ 2 i/ F, sin(io)do — / F, cos(ia)do| — nEILG — i)zrf, i=23,...,J.
kAG 0 0
Egs. (19) are the governing equations to compute the circumferential deformation. Then another equation governing
the slope ¢, can be obtained by combining Eqgs. (11) and (13), and the modal superposition method is used to represent
¢, as follows:

J
¢y = > W0 sin(io) + (1) cos(ix)]. (20)
=2
Manipulating Eq. (20) by the above procedure, the governing equation for each mode can be obtained in the form of
oy
or?

IL,E .
TpR> {(iz — D, + PP+ I)EE + @+ 1)AR2}

2n 21
= —R¥* - 1)[1' / F, cos(ia)do + / F, sin(iot)doc} — nEL(# — iy, 1
0 JO
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and

EI, Ye
2 2 2 v DD 202 i
npR {I,,(z 1) -‘r—kGl (F+ 1)+ ARG + 1)] a2

2n 2n
= R - 1){;’ /0 F, sin(io)do — /0 F, cos(joc)da} — (P —iELmy¢, i=23,...,J.

Egs. (19) and (21) are then used to analyze the in-plane deformations of the ring.

2.3. Governing equations for out-of-plane elastic deformations

As shown in Fig. 5, the out-of-plane elastic deformations are denoted by v, positive along the positive direction of the
v-axis. The internal forces on the cross-section include the transverse shear force Q,, and bending moments M, and M,
along the u-axis and w-axis. In addition, ¢, and ¢,, denote the slope of the deflection profile around the u-axis and w-
axis with the shear effect neglected. Applying Newton’s Second Law, three equations governing the deformations can
be obtained in the form of

a0, v oM, &*o, oM, &,

F, = pAR M, — O,R=pl,R , — M, =pl,R ,
aO(er pAR= 5 a(X+ w— 0, pIuR— 7 P w=pluR—5

(22)

where 7, and 7, are the moment of inertia of the cross-section of u-axis and w-axis obtained according to the parallel-
axis theorem, and F, is the component of exterior forces along the v-axis, which is given by

Fo=[f,R+ q33(p,,Vrg — pAg)IRdo + Fp. (23)

In engineering mechanics, bending moment and shear force are dependent on the deformations through the following
formula:

_ElL, (3¢, G, (3¢, _ K AG (v
Mu - R ( a(x + d)lt') > Mw - R ( aa (/)11)7 Ql/‘ - R 80{ + ¢u N (24)

M,

0, +d,

M, +dM,

M,vdM,

Fig. 5. Out-of-plane deformation and internal forces for an element of the ring.
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Substituting Eq. (24) into (22), the equation governing the out-of-plane deformation v can be obtained as follows:

dv ot v AR2<R2 1 )621;_ 2R4( I, ALR I, )640

ML R o’
o Tt T C. T wac) an ciG T EnLC, TENG) o

p*1,R® &% ,(AR> 2 N I, N I,\ &v (] Iw+ 1 o)
EC,k'G ot° El KG' C, EI,)oto? E C, KG)oror

T Y S PR I v
PENEKG T C kG T EC,) 6 oa

4 ) 2 2 2 ) 2 1
B LS P

kK'AG oo El, KAG) os2 kK'AG
PR (1 N 1\ &‘F, s N I,R? I, &F, pI,R> &'F, 29)
KAG\E ' C,) 0rrou2 kK'AGC, ' EI,C, ' k'AGEI,) &> K AGEC, or* "

It is noted that the terms including the denominators containing the product of E and G in Eq. (25) are sufficiently
small to be neglected. Thus Eq. (25) can be simplified into the following form

v ot v , ([ R? 1\ &% (AR 2 I, I,\ &%
2o+ 5 pAR (45 — +pR -t =+
o8 " "ot on? C, KAG) o El, KG El,) 012602
1T 1Y & R &'F, R? 2\ &°F, R? 1
— pR? Yt )= A R — = | = - R —+ = | F, 26
p (E+ C, +k/G) oot~ KAG oA T (EIL, KAG) 32 (Cw+k/AG) (26)

By the description in Section 2.2, the deformations of a closed ring can be expressed through the modal superposition
method (Blevins, 1979). Thus the deformation can be expressed as

J
v=">[v§(1)cos(ier) + v}(1) sin(ix)], Q27
=2
where the subscript i denotes the ith mode. Substituting Eq. (27) into Eq. (26) and utilizing the orthogonality of the
trigonometric functions, the equations for each mode of deformation can be obtained as follows:

AR 1 2EI, EII E E\ ., &
R |EI, — AR? - —! YRR+ (1
pr { (GI” +k’G) + < ¥G T ar, T )’ vt etee) | @

EI, 2n )
P =17%+R? (i2+ c )] / F, cos(in)do — (i — iy’ EI,mt, (28)
0

w

I,
=R
{k/AG

and

2
anzKEIL,AR +E1u> ( g~ 2B ELIL 1,‘.)1‘2

Gl, 'KG KG ' GI,
+ (Iu 4 By EI“) i“} Gl
G KG or?
=R {M + R? (ﬁ + ﬂ)] / - F, sin(io)do — (i — i)>Elmv}
KAG o)l )y 7 v

Eq. (28) is used to compute the out-of-plane deformations v. Similarly the equations governing the two slopes ¢, and
¢,, can be obtained according to the above deduction by combining Eq. (22) and Eq. (24). Here, the slopes are supposed
to be ¢, = Zl L[@1 (1) sin(io) + @§(f) cos(io)] and ¢, = ZLQ[cff(t) cos(ia) + &(¢) sin(io)], and the governing equations
are given by

EAR E 2EI, ElLI El, EL\ | &'
2 2 u utu 2 u u\ .4 i
PR {I( GI, +k’G) + (AR G tar, “”’)’ + (I"+ G +k’G)l} "

EL\ [* .
= iR (i2 + W) / F, cos(in)do — (i — iy El,ne?, (29)
w/ JO
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and
EILAR® EI 2EI, EII EI, EI ot
R2 u u A R2 _ u ulu Iw ) Iu Ly u\ .4 i
P K Gl, +k/G) +< w6 Yo, Th)t vt e teG) e T
oo ELN [T 3 )
=—iR°(i"+ F, sin(io)do — (i° — i)"El,nef;
GIw 0
EI, EI,AR? 2EI EII EI EI P
R2 Slu u A R2 _ u Iw ulu\ 2 Llu Iu Slu 4 i
pr Kk/GJr GI, )+( G it GI,V)I +(k’G+ + G)’ pro
2 P2 El, o . 3 a2 ¢
=—i"R°(1+ I | F, cos(io)do — (i* — i)"El,né; (30)
and

El, EIAR 2EI EIlI EI EL) 4]
2 u u 2 u u 2 u u\ .4 i
PR Kk’G+ GI, )+ (AR %G Tt GIM)Z + (k’G+I”+ G )’} a2 "

252 EIu n s -3 ~2 s
= —i"R <l + Cw) /o F, sin(io)do — (i° — i) EI,n&;.
Egs. (28), (29) and (30) are used to solve the out-of-plane deformations of the ring.
Combining the equations of the rigid-body motions of the ring (3), (6), (7), (8), (9) and (10) and deformation
equations, including in-plane ones (19) and (21) and out-of-plane ones (28), (29) and (30), the displacements of the ring,
the internal forces and stress on the cross-section of the ring can be solved numerically.

3. Wave forces predicted by the Morison formula

The diameter of the cross-section of a flotation ring is much smaller than the wavelength, making the wave diffraction
effect negligible. The wave forces acting on the ring, therefore, can be evaluated from the Morison formula. The
Morison formula is a well-known equation, initially proposed for calculating the flow forces on a slender vertical
member in surface waves. However, the centerline of the element of the ring is inclined to the advancing direction of
waves, and the ring oscillates with the water waves. Here, the form of the Morison formula given by Brebbia and
Walker (1979) is employed, as in Eq. (31). In the formula, the drag force is related to the square of the relative velocity
of a water particle to an element of the ring, and the added mass force and inertia force are proportional to the
acceleration of the water particle and that relative to an element of the ring, respectively:

I7rel|17rel| 617,-51 817
—_— K,V Ve—, 31
5 P vl (D

where 7 denotes the velocity of the water particle obtained from the second-order wave theory (see Appendix 2), Vyel
denotes the velocity of the water particle relative to the member, Cp and K,,, are the empirical coefficients, p,, the mass
density of water and S the projected areas of the element of the ring per unit length immersed in water. Due to the
changing angle between the centerline of the element of the ring and the advancing direction of waves, we calculate the
wave forces in the n—w—v coordinate system. The projected areas of the ring per unit length S, S,, and S, along the n-,
w- and v-axis are given by

f=p.CoS

2r 2r 2r =
r+h r+ 2rarcsin(|f|/r)/n 2r <r

Su = 5 Sw = . 5 v = h 32
r—h r — 2rarcsin(|h|/r)/n wre—p Ve <h=<0 (32)
0 0 0 h<-—r

4. Results and discussion

Reasonable values of hydrodynamic coefficients are pre-fixed by comparison between the numerical results of the
rigid-body displacements of the ring and experimental data. The physical model tests were conducted by Gui (2006),
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with the waves propagating along the x-axis. The multi-directional waves acting on the ring are then analyzed to show
the influence of hydroelasticity. In the numerical examples, gravity acceleration ¢ is set as 9.8 m/s, and the density of
water is 1000 kg/m?. The fourth-order Runge—Kutta algorithm is used to solve the differential equations governing the
deformations and motions, and the numerical calculation is processed by programming with Fortran Language. In the
calculation, the ring is subdivided into 400 arc subsections to calculate the integral in the equations, and the time step is
equal to three-thousandths of the wave period. The calculation will stop when the history of one period is very close to
that of the subsequent period.

4.1. Description of physical model tests

The physical model tests of a gravity-type fish cage were conducted in a wave-current flume at the State Key
Laboratory of Coastal and Offshore Engineering, Dalian University of Technology, China. The wave-current flume is
69m long, 2m wide and 1.8 m high, equipped with an irregular wave-maker and a current-producing system. The
incident waves propagated along the positive x-direction. The mooring line forces were measured by two transducers
attached to the bottom of each mooring lines. Three diodes (front, middle and back) numbered 1, 2 and 3 were fixed on
the floating system for motion analysis. The movement of diodes was recorded by a CCD camera, maximum relative
error of the measurements of which was less than 10% (Gui et al., 2006).

The configuration of the net cage in model tests is shown in Fig. 1. The radius of the ring and cross-sectional radius
are 0.423 and 0.00766 m, respectively. The modulus of elasticity of the material of the flotation ring is 9.0 x 10% Pa, and
its density is 953 kg/m>. The mooring cable is simulated using nylon line. Fitting of this experimental data yields the
following empirical formula relating the elongation and the force of the mooring line

where &= (33)

0 when [ </ ly ~

—360.21¢> +82.9¢ when [>], -1
Fiy= ;

Ip 1s the initial length of the mooring cable, and / its length when the model fish cage is moving. In the physical model
tests, twelve cases covering four wave heights (0.2, 0.25, 0.29 and 0.034 m) and five periods ( 1.2, 1.4, 1.6, 1.8 and 2.0s)
were considered.

In our numerical calculation, the maximum of the mode J is equal to 5. A numerical example is given as follows:
when the wave height and period are 0.34m and 2.0, respectively, the maximum values (z,) of tangent deformations
under each mode J (J = 2-5) are 3.85 x 107%, 1.35 x 1075, 3.18 x 107% and 1.21 x 10~®m, respectively. It can be found
that the response contributed by the second mode is much larger than that by the fifth mode. When the mode number J
is greater than 5, the response contributed by the mode becomes negligible. The same results can also be found in the
out-of-plane on deformation and slopes. Here, the maximum of the mode J is set at 5.

4.2. Comparison of theoretical results and experimental data

To compute the wave forces from the Morison formula, the values of hydrodynamic coefficients Cp and K,,, should
be pre-fixed. Li et al. (2007) investigated the hydrodynamic behavior of a straight floating pipe, and suggest a range of
the hydrodynamic coefficients. Referring to the research of Li et al. (2007), Cp,, and Cp, are set as 0.5 each, and Cp,,
and K, are set as 0.16 and 0.2, respectively. With these values substituting into the Morison formula, the theoretical
model presented in Section 3 is applied to simulate the physical model tests (Gui, 2006). Waves propagate along the
positive direction of the x-axis, which means that the propagation angle ¢ of incident wave is equal to zero.
Additionally, the velocity potential is given according to second-order wave theory. The wave surface elevation, the
velocities and accelerations of water particle can then be obtained by wave theory in Appendix 2. In Fig. 6, hollow
points represent the average of the maximum positive displacements of surge and heave on the consecutive water waves
through the experimental measurement, and solid points depict the numerical results. It can be seen that the predicted
results of surge and heave displacements are all in agreement with the experimental data. The maximum of the relative
error between simulated and measured data is 15%. As shown in the Fig. 6, the error between simulated and measured
data is larger when the wave height becomes larger. This phenomenon may be due to neglecting the nonlinear effects of
both waves and the mooring line in our present numerical model, which will be improved in our future research.

4.3. Elastic response

In the experimental model tests mentioned above, the similarity of the modulus of elasticity is not fully considered
because it is difficult to find the appropriate material with a modulus of elasticity fully in accord with the demand of the
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physical model tests. In this section, the floating ring in a prototype dimension is considered and simulated. The radius
of the ring is 8.46 m, the radius and the wall depth of the cross-section of the ring are 0.125 and 0.013 m, respectively,
and the modulus of elasticity is still 9.0 x 10® Pa. The initial length of mooring cable is 63.27 m, while the coordinate
of attachment points A, B, C and D in the global coordinate system is (64.5, 19.4, —20.0m), (—64.5, 19.4, —20),
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Fig. 6. Comparison of the predicted results with the experimental data for x, (top) and z, (below).
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(—64.5, —19.4, —20.0m) and (64.5, —19.4, —20.0m). The relationship between the force and the elongation of the
mooring line is set as follows:

372494.08¢'9%7  when > I—1Iy
= where &= s (34)

“7 0 when /<, T
which is an empirical formula, and it can also be given according to the real measurements.

Firstly, the influence of the propagation angle oof the incident wave is analyzed, while the wave height is 2.0 m, and
wave period is 20.0s. The angle ¢ increases from 0 to 7/2 at an interval of =/16. Figs. 7-9 represent the maximum
absolute values of normal, circumferential, and out-of-plane deformations. It can be seen that the minimum magnitude
of deformations, including in-plane and out-of-plane ones, will occur when ¢ is 0. It also means that the ring deforms

most weakly when the incident wave propagates along the x-axis. Therefore, the placement of a fish cage is
recommended to be configured in the direction of the principal axis of which is parallel to the wave direction.
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Fig. 10. Sketch of three kinds of mooring arrangments (m1l, m2, and m3).

Table 1

The maximum absolute deformations with different configurations of mooring cables.

Configuration of Maximum absolute normal Maximum absolute circumferential Maximum absolute out-of-
mooring cables deformation (m) deformation (m) plane deformation (m)

ml 0.040668 0.018434 0.398737

m2 0.009399 0.002694 0.406882

m2 0.048172 0.019968 0.401414

Additionally, comparing the out-of-plane deformations and the in-plane ones (see Figs. 7-9), it can be seen that the
magnitude of v is much larger than that of n and w. It can be concluded that the out-of-plane breakage of the ring would
occur prior to the in-plane one.

Secondly, the effect of the different kinds of arrangements of mooring lines is analyzed. Besides the above form
shown in Fig. 1, in which the attachment points A, B, C and D in the global coordinate system are another form
of the ordinates of anchored points is considered: (19.4, 64.5, —20.0m), (—19.4, 64.5, —20.0m), (—19.4, —64.5, —20.0 m)
and (19.4, —64.5, —20.0m). The above two forms are named “m1” and “m3”. The form “m2” is that the attachment
points A, B, C and D in the global coordinate system being set as (48.4, 48.4, —20m), (—48.4, 48.4, —20m), (—48.4,
—48.4, —20m) and (48.4, —48.4, —20 m). The configurations of the three types of mooring arrangement are shown in
Fig. 10. It is notable that the initial lengths of mooring line are the same.

The maximum absolute deformations are listed in Table 1. It can be found that under the mooring arrangement
m2”, in-plane deformations of the ring are smaller than the other two kinds of arrangements. For out-of-plane
deformations, the distinctions among the three kinds of arrangements are small.

According to the above theoretical analysis, a viable scheme of the fish cage arrangement can be obtained. It is
suggested that it is better if the cage is moored by symmetric mooring cables around two principal axes, and that a
principal axis is parallel to wave incident direction. It is also noted that the out-of-plane deformations are much larger
than the in-plane one.

In order to examine the validity of the calculated elastic response, the static deformation of a circular ring calculated
by our analytical method has been validated by comparison with the calculated results by ANSYS software. The details
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of the validation have been published previously (Zong et al., 2008). In our future research, more calculations and
physical tests have been planned to obtain the elastic response of the ring for validation of the method.

5. Conclusions

A theoretical analysis for evaluating the rigid-body motions of the ring subjected to water waves is presented, coupled
with elastic deformations. The predicted results of rigid-body displacements are compared with the experimental data,
with acceptable correlation between numerical results and experimental data. The elastic responses of a ring under
different incident wave directions and mooring arrangements are calculated and analyzed. Based on the simulated
results, some useful suggestions on mooring arrangements and placement of the fish cage are obtained.
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Appendix 1

Bryant angles are the common parameters used to describe the angular orientation of a body in space. The angular
orientation of a given body-fixed coordinate system 1-2-3 can be envisioned to be the result of three successive
rotations. The three angles of rotation corresponding to the three successive rotations are defined as Bryant angles.

The first rotation may be carried out counterclockwise about the x-axis through an angle 0;; the resultant coordinate
system will be labeled x'—)'—Z’, as shown in Fig. 11. The second rotation, through an angle 0, counterclockwise about
the y axis, produces the coordinate system. Finally, the third rotation, counterclockwise about the z” axis through an
angle 05, results in the 1-2-3 coordinate system. The transformation matrices for the individual rotations are

1 0 0 cos, 0 —sin 6, cos 03 sinf; 0
0 cos 6, sinf; |, |0 1o ,|—sinf; cosO; 0f. (35)
0 —sin 60, cos 6; sinf), 0 cos 6, 0 0 1

Zf

X 1 p

Fig. 11. Schematic diagram of Bryant angles.
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Hence, the matrix of the complete transformation, Eq. (2), is

cos 0, cos 0 cos 0, sin 65 + sin 6 sin 0, cos 03 sin 6, sin 03 — cos 0; sin 0, cos 03

—cos 6, sin 03 cos 6 cos 03 — sin 0; sin 0, sin 05 sin 0y cos 03 + cos 0 sin 0 sin 605 | . (36)
sin 05 —sin 0y cos 0, cos 0 cos 0,
Appendix 2

A second-order wave theory (Stoker, 1957) is employed to calculate the velocity and acceleration of a water particle.
Suppose that wave height is H. The fluctuating wave surface height # is given by

= |- kix +kyy — ot) + ——
1= | T 2 2 sinh 2ka TSR TRy m oDy sinh” kd
where w is the circular frequency, k& the wave number, d the wave depth and k, the component of wave number along
the x-axis, k. = kcoso, and k, the component of wave number along y-axis, k,, = ksing.

The horizontal and vertical velocities of a water particle are

2
H { H k H k cosh kd(2cosh” kd + 1) €08 2(kx + kyy — wz)} , (37)

ki H [cosh k(z + d) 3 (H)\ cosh 2k(z + d)
Vi=ow ) { Sinh fd cos(kyx + kyy — wt) + 4k< 2> (sinh kd)4 cos 2(kyx + kyy — wi)|, (38)
_ ky H [cosh k(z + d) 3 (H)\ cosh 2k(z + d)
Vy=w ) { Sinh kd cos(kyx + kyy — wt) + 4k > Sinh kd)’ cos 2(k.x + kyy — wi) |, (39)
V.=l {M sin(kox + kyy — of) + S DS 2KC ) G0 ko — wt)} . (40)

2| sinh kd 42 sinh* kd

The horizontal and vertical accelerations of a water particle, therefore, can be given by

oV,  ,kyH [cosh k(z+d) . 3 (H\ cosh 2k(z+d) .
Fraie W ) { Sinh kd sin(k,x + k,y — ot) + 2k 3 (sinh rd)* sin 2(kxx + kyy — o1)|, (41)
oV,  ,kyH [cosh k(z+d) . 3 (H\cosh2k(z+d) .
Frale W 2" Sinh kd sin(kyx + kyy — wt) + 2k > (sinh kd)? sin 2(kyx + kyy — w1) |, (42)
ov. , H [sinh k(z + d) 3 H , sinh 2k(z + d)
=—0 = |— kex +kyy — ——k————F——cos2(kyx + k,y — . 43
o w 2[ Sinh kd cos(kyx +kyy wt)—|—22 b id cos 2(kx + k,y — wi) (43)
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